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METHODS OF MATHEMATICAL SIMULATION AND MACHINE IDENTIFICATION
OF ANOMALOUS DIFFUSION PROCESSES

For the class of anomalous diffusion processes, the mathematical models of which are formalized
in the form of variational inequalities in partial derivatives, a method of mathematical modeling based on
the optimization procedure is proposed. The method is considered in relation to the generalized
mathematical model of the studied class of anomalous diffusion processes. Which made it possible to
ensure the principle of unification and typification in the application of this method, as well as the
correctness of using the generalized mathematical model in applied problems of mathematical modeling
of known industrial and practically important natural cases of anomalous diffusion processes. At the same
time, the task of implementing mathematical models of anomalous diffusion processes based on the
proposed method is reduced to finding the maximum of the Hamiltonian function defined in the state space
of the processes under consideration. A method of parametric identification of mathematical models of
anomalous diffusion processes in the formulation of the problem of optimal control is also proposed. The
method is reduced to the use of the optimization procedure of the gradient projection method. The
possibility of solving the problem of parametric identification in cases of both linear and non-linear
mathematical models of anomalous diffusion processes is proved. Moreover, the nonlinear formulation of
the parametric identification problem does not lead to computational implementation complications, since
the solution is based only on finding the gradient projection of the state function of the anomalous
diffusion process. The proposed methods are presented in strict compliance with the provisions of
Sfunctional analysis, which ensures their correctness and adequacy in solving a wide range of applied
problems.

Keywords: anomalous diffusion process, mathematical model, variation, variational inequality,
optimization, principle of unification and typification, gradient, parametric identification.

Introduction. In a number of important applied tasks technological (or naturally) processes
are characterized by deviations from well-known physical laws. In this regard these processes
received in special literature the name anomalous (in particular, abnormal diffusive) [1 — 4]. First
of all, the reological processes connected with mining can be an example of such processes. For the
description of abnormal diffusive processes, as the adequate mathematical models (MM) it was
offered to use the device of variation inequalities in private derivatives [5 — 8].

As it was shown in work [9], in practical appendices it is most convenient to use the following
formalization of abnormal diffusive processes.

Let the function y(¢,z ), defined on a bounded open set QQ of the space R", n =12, with smooth
boundary I' and the time interval (0,7, ) for ¢, <o, 0=Qx(0,t, ), 2=1x(0,¢, ) is the solution of

the variational inequality
_ .0 . :
yek: [m(z)a—‘f,v—wj+(B(v)w,v—w)+f(v)—f(u) >

>(fv-y) VveH'(Q), (1)
v(0,z)=w,(z), (2)
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where the operator B(y) specifies a linear transformation B(y): H'(Q)— H'(Q) and is defined
by the bilinear form:

o0y O(v—y)
(B(Y)\V,V—W)=E[(;§'T]dfa (3)

f — the driving function of the process, for which the operation ( fv— \|J) coincides with the scalar
productin I*(Q), i.e.
(fv=v)=[lrz)v-vla or (fv-v)=[[f(z)v-vlar
Q r
(hereinafter, for simplicity, restrict ourselves to the tasks at the border I"); ; () — convex functionals

defining the kind of physical process in reology and which are specified as follows
JC)=[o0w.2) My)dr, j(-)=[o(v.z)-M(y)dQ. )
r Q

In the relation (4) accept that ¢(-) — is a continuous function, A(-) — is continuous differentiable or
not having the properties of differentiable functions.

Space of admissible functions ¢(-) and A(-) are defined as Ae L”(Q ), AeL*(Q) where it is
assumed that ¢(-), A(-) € L°(Q ), O = Qx(0, t, ) and the spaces A and A are Banach with respect
to the norm

locw.2 N, =lotw.2 .- 5,
The aim of the study. The purpose of the research is to develop methods of numerical
implementation (mathematical modeling) and parametric identification of mathematical models of
anomalous diffusion processes, presented in the form of variational inequalities using the principle
of unification and typification.

Presentation of the main research material. First, we will consider the method of computational
implementation of mathematical models of anomalous diffusion processes. At the same time, based
on the principle of unification and typification, in further considerations we will use the generalized
MM of the studied processes.

1. Metod of mathematical modelling of abnormal diffusive processes. The proposed metod
for solving variational inequalities of the form (1), (2) is based on the proof of the following
statements.

To find the optimal solution (¢,z ) of the variational inequality (1), (2) there must exist a nonzero
continuous function p(t¢,z), so that at any time tin the interval 0<7<T7 (7 — time of physical

processes) the Hamiltonian function A in the spatial domain Q (or on its boundary I") would take
the maximum value, where

H =((B(v)§.7 =§)+ (V)= o(§)-(0(7.7),v-§)- (1.0 -7))). )
Carry out a preliminary series of reforms to simplify the original formulation of the problem.
Introduce the notation

o(t,2) My)=D(y), ot.2)-A(v)=(v)
and

d(y)=[@(y)dr, o(v)=[d(v)dr.

In addition, introduce an additional unknown function 6(y,v), the structure corresponding to the
functionals j(-), such that
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(O(qf,v),v—w)z 0 VveKk.
Taking into account the executed transformations introduce the relations (1), (2) in the form

yek:
[M(f)%,v—wj+(B(v),v—\v)+¢(V)—¢(w)—
~(6(y,v)v-v)=(fv-y) Yvek. (%)
v(0,z)=vy,(z), (6)

To solve the problem of finding a state function w(¢,z), use an optimization procedure of the
Pontryagin maximum principle [10], for which choose the following performance criterion

J:minj}|v—w|dtdf. (7)
ro

The physical meaning of this criterion follows from the next. The trial function v(¢,z) is some
approximation of the unknown function y(¢,z ), reflecting only the essence of physics in the specific
process. Therefore, the adequacy of physical processes caused by the action of functions v(#,z ) and
y(t,z ), is provided up to the accuracy within the difference between these functions. In this case,
the integral difference between the trial v(¢,z) and the unknown ¢,z ) functions can be regarded

as a quantitative measure or a penalty for the deviation of the actual flow of the process from its true
value.

Obtain the necessary optimality conditions of the problems (5) (6), (7).

According to [6], introduce a new coordinate

d’c

0t 0z
Thus, the original problem will be considered in (n+1)—dimensional space with the equation of
dynamics

=[v—v[ )

zel

yek:
(m(z)%—‘fﬁ—w}(ww,v—\Tf)+¢(v)—¢(¢f)—
~(0@.9)y-§)=(/v-§) VWek, 9)

where
¥=(v,.v,), ¥=(ov,..0,)
with the initial conditions
(0.2)=[0,wy(Z)].
Assume that we have found y(¢,z ). This condition corresponds to the relation

min TV—detdF—>J. =J".
J‘J‘| \V| min
ro

At t=1(0<1<T) perform a needle-shaped variation with the duration ¢. As a result of the
variation performed the value of the functional J (7) changes

min *

jzmv—mmdrw
ro

Write down the detailed result of the variation
& =7 -9 =e{(BOY)V.7 —9)+ (¥ )— (¥ ) -
— 0@ )5 =§)-(f.(0 =)~ (B()T, w)+oT)— (0% ).%)- (f.§)},_. . (10)
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Express v through the variation and optimal function of the state

V=y+0V. (11)
Substituting (11) into (9), obtain
yek:
_ OV =\ ~ ~ [~ e~ ~ o ~
(220 57) =5 = (B0 .54 57) ) 05+ 59) 400 ) -
=(0(.(F + V). (7 + 7))~ (/. (¥ +8)-§) vieK. (12)
For further transformations use the coordinate-wise analog (12)
y,ek:
=V (s
(m(zi)ﬁl(wz' +8vi)_\ljij =

= (B(Y)\Tli’(\Tli +8"7i)_\T]i)+¢(\T]i +6‘7i)_(|)(\T/i)_
_(e(\Tli’(\T]i +8‘7i))’(\Tli +6‘7i)_\T/i)_(f:(\T/i +6V1’)_\Tli) v‘ji €k;
i=0,1,.,n. (13)
Expand (13) in Taylor series and restrict the consideration with the quantities of 1-th order of
infinitesimality

=BT 9,)+6(F,)-(/,§,)+
+ 3 B0 ) +8(9.)- (9.
o
From (14) it follows that
\ Z B ARV V) — W
m(zy) 2= 3 BT T )+ 6= ([ )l ;.
at i=0 8 Vi
Now turn to ¢ =T . Define a variation of the functional at =T
B, =N AU S E5 &) . < O
Introduce the variable p(Z,Z) so that when ¢ = 7' this condition is satisfied

~8J o ==8o(T)={(8V,P),_. - (16)
Coordinate wise analog (16) is as follows
—8J,_, ==80(T)=(8v.,p,),_,, i=01l..n.
Since do(T ) > 0, in order to satisfy this relation there should take place:
p(T.Z,)=-1 p,(T.Z)=0,

&%, i=01...n. (14)

i=0,1,...n. (15)

where i=0,1,...,n; j=1,...,n.
Thus, if the optimal solution is not found, then —0dJ <0, and for the optimal solution —&J =0 is

valid, since the variation of functional must be zero for the optimal solution.
Associate a variable p(t,z) to the dynamic equation of the process observed through trial function

v(t,z ). Find a variable p(t,z ) which satisfies

<8§(t,2),]7(t,2)> = <8\7(T,E),;~7(T,E)>WS[ST = const .
Then we have

%{5%,2),50,2)) - <—88Wt’2) ,13(t,z)>+<—a”~’g:’5) ,SV(t,E)> ~0. (17

8t T+e<t<T
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Coordinatewise analog (17) is

ZM Bt z)+25v(t OPV(LE) o iotn. (18)
ary ot ot
. . . ... 0dv(tz)
Substitute in (18) the value of the derivative QY from (15)
t
n(z)3 xS ABOV T 0 ) =15 )
i i=0 av,‘
+st,,56—f=0; i=01,...n. (19)

Change the order of summation in (19)

m(z)z&{y ol(B(v) .. 9.)+6(.)~(/.7.)] afz}zo;

ov, ot
i=01,.,n
Finally get
05 _ s BT+ )= (1 ¥l
= — P, ; 1=01,....n.
ot r ov,

Note that this equation is the dual of (5), and the variable p(7,z ) is expressed through the function
of phase.

Again turn to the variation of functional (7) at t =T
=3J _, = <8\7(t,2),ﬁ(t,2)>tzr =0
Replace the variation 8V with the value of (10), reduce by € and, since T can be arbitrary, obtain
(B().7 - 5)+6(7)-6(3)- (6. 7). 7 - §)- (/.0 -F)) B),.. -
~((Bv)9.9)+ 0w )~(/.9)).5),_, =0. (20)

From (20) it follows that the second summand in it corresponds to the optimal solution of the
variational inequality (5). In the case when the optimal solution (7,z) is found, variation of

functional J will be zero, i.e. &J =0. Given this, the first summand in (20), defined by the
Hamiltonian function

H =(((B(y)9.5 =)+ 0(v)=0(9) -0 ¥)v -9)}-(£.0-%))p). @D
should take the maximum value. Thus, the above statement is proven. Let’s show the possibility of

determining the maximum value of Hamiltonian function.
Coordinatewise analog (21) is defined by

H={(B(v)%,.% ~,)+ 67, )~ (7, )-6,.5,).5, - 7,)- (.G, -7, ). B,):
i=01,..n. (22)

To maximize the value of the function H , it’s necessary to set all the partial derivatives of this
function to zero by a testing variable v(7,z), that taking into account (22) gives the system of

equations
—=0; i=0,1,...,n. (23)

Coordinate wise analog (22) contains (n+1) of v, functions, (n+1) of 0, functions and (n+1) of
p; functions. Since the equations (23) are only (n+1), and the unknown are (3n+3), then the
system (23) cannot be solved. To solve (23) define also the partial derivatives
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H
Z—e:pi; i=01..n. (24)
oH

_ oy, _ -
—=|m(z. —Z,V.— s ':0,1 ..... . 25
ﬁpi [ (l) Pl wl} I n (25)

In this case, the solution of (23) can be obtained.
As a result of the reasoning done, the scheme of the algorithm for solving variational inequality (5)
using the maximum principle can be represented as follows:

1. The dynamic equation (9), subject to the additional coordinate ¢ is written down.

2. An auxiliary function (Hamilton) A in accordance with the expression (22) is compiled.

3. A test function v(7,z) that delivers maximum H functions in accordance with the expression (23)
is determined. For the redefinition of the independent variables 6 and p the system (23) is
supplemented with equations (24) and (25).

4. The unknown variable (¢,z ) is determined by the test variable v(¢,z ), which gives the maximum

value of function H .

2. Method of parametrical identification of abnormal diffusive processes. At statement of
an inductive task (1) — (4), the method focused on numerical machine realization can be offered
parametrical identification of MM of a look. The essence of a method consists in the following
It agrees [11], to MM (1) — (4) (in increments) it is possible to present in a look

_M_IX[B(\()MMW}&sz:Cj(Z)fj; Yy.ve K
o1& oz = , (26)

8400:)=, e o

where y = y(z,z) — sought function; v = v(z, z) - trial function; K - a lot, of that is defined
functions y = y(r,z) and v =v(z,z); f - exciting function; k - number of exciting functions; ¢(z)-
Dirac’s function; m = m(-) and B = B(-) - identified parameters.

As criterion of quality of the solution of a problem of identification we will accept functionality of a
look

J[m<->,B<->1ﬁ{ j[w'a,z,m,B)—F,w(z)]Zdr}, @8

where (s, z,m, B) - exact values sought functions; F /.“' (t) - measured values of the sought

function; 7" - time of measurements.

Let’s show that the accepted criterion of quality will be differentiable in any point of spatial area
z € Q (including and its border 1), i.e. an increment (28) equal
AT = J[m+n")(B+7*)] - J(m,B)
represent able in a look
AT = [ (m. By Jaz + [ 77(m, B)n® Jaz |+ [OQ\h'"
o

. )+ O(”hB . )] , (29)

where J'(m, B) — some function from I (Q), 0(”]/1’” HLZ ) and O(”/?E‘HL2 ) - residual members
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such, that fim 0o Yo" V' |20, tim jofo Yo ' |2 0.
a”—0 a” >0
Let’s write down formally a functionality increment

w3l 8o, )7 OF ot a)- ] i)
= i{_f{{[\ll(t,z,m,B)— FY (t)] + A\V(t,zj )}2— [\V(t,Zj,V,B)— FY (t)] }dz}:

Zk:{{j2[\ytzm3 —F(; ]szzdz+jmy tz)} (30)

Let’s transform this expression to a look (29). For this purpose we will enter into consideration of
function p:, (t,Z) = p:, (t,z,m,B) as the solution of the following regional task

_mZpW (v—q/)—jzn:{ \AqupZz; f Yy, vekK
t 0 31)

=2\y(t,,z.m,B)-F
[\V(tk Zplit ) J (t)],p“, =, VzeQ). (32)

The first integral in the first composed in the right part of equality (30) taking into account (26), (27),
(31), (32) it will be transformed so

IE Z[Wl‘sz ]A\ytz

:j( Ayl z, )= { prwdt]
!

iﬂ pWA } i{ { { ”WM}}AW
4 p;{g{]}. aazf |Av|}}dzdz.

Integrating the last expression in spatial area, we will receive the following result

gl el

t,

- | L(HZB P, |v|ﬂA\|/ dr. (33)

0

Py

t=t,

Q

Here, and further, designation () determines as the linear (from space), and non-linear (from required
function) parameter. The second integrals in composed in the right part (30) the members of the look

[OQVZH‘Z )] , presented in (29) and written down for spatial problem definition define. Let’s have in

this case

NG jL(KzB p |v|Hh"’dz+0Q|h|| ) (34)

m
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and, the step #¥ determines cooperative value by steps 4" and #”. As a result we will receive that
the increment of functionality (28) is represented in the form of expression

AJ = j (KZB . Hh“’dz+0q )

Thus, required representation (29) for functionality (28) is received, and the gradient of this
functionality looks like

ITm(), B()] HZB( P MH VzeQ,tel0r]. (35)

Further, having a gradient (35) and using procedure of a method of a projection of the gradient [11],
defined by ratios

Q:{q(l‘):q(t)eLz[O,tk],aSq(t)Sb,VtE[O,tk]}
q(t) a<qlt)<b,
Prla@l=1 a qlt)<a,

b, q(t)>b.
For identified functions m(-) and B(-) also we will receive final ratios on an offered method of

parametrical identification

mu+1('): =m

B,., () =

<
oy [z 0| <
B =285 (3805 | .

where 0, and o, - method parameters, defined by practical consideration, » — step of the

numerical decision.

Conclusion. The conducted numerical researches showed that the offered methods of
mathematical model operation and parametrical identification of the abnormal diffusion processes,
based on iterative procedures of optimization possess good convergence (the decision is reached no
more, than for 8 — 10 iterations) at accuracy of the decision 0,2% are not lower.
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Jlna Kknacy anomanvhux ouysiitHux npouecie, MmamemamuyHi mMooeni AKUX (opmanizoeano y
eu2nAdi eapiauiiinux HepieHOCMel Yy YACMUHHUX HOXIOHUX, 3ANPONOHOBAHO MEMOO MAMEMAMUYHO20
MOOenI06anHa Ha O0CHO8I npouedypu onmumizayii. Memood po3nAHYmMoO 6i0HOCHO y3a2anbHeHOi
MamemMamuyHol Mooeni 00CaiONHCY8AHO020 KNACYy AHOMATbHUX Ouysiinux npouecis. Illo oano 3mozy
3abe3neuumu npunyun yHigikayii ma munizayii y 3aAcCmMoCy8aHHi O0AHO20 Memoody, a4 MmAaKoIHC
KOpeKmHiCmb GUKOPUCMAHHA Y3A2ANbHEHOI MAamemMamuynoi mooeni 6 NPUKIAOHUX 3a0a4ax
MamemMamuyHo20 MOOEAI0BAHHS 8i00MUX NPOMUCIOBUX MA RPAKMUYUHO BANCIUGUX NPUPOOHUX BUNAOKIE
anomanvHux oudysininux npouecie. Ilpu yvomy 3adaua peanizayii mamemamuuHux mooeneil
AHOMANbHUX OUY3ilHUX npouecie HA OCHOGI 3ANPONOHOBAHO20 MEMOOY 3600UMbLCA 00 HOULYKY
maxcumymy @ynxuii Iaminoemona, eusnauenoi'y npocmopi cmanie npouecie, axi pozenaoaromuscsa. Taxoauc
3ANPONOHOGAHO MEmO0 napamempuyHol idenmuikayii mamemamuyHux mooeneii AHOMATbHUX
ouysininux npoueci¢ y nOCMaHO6Ui 3a0a4i ONMUMANLHO20 ynpagiinus. Memoo 3600umbca 00
GUKOPUCMAHHA ORMUMIZAYIUHOI npoyedypu memooy npoexuyii zpadicnma. /[loeedeno modrcausicmoy
PO36’a3aHHA 3a0aui napamempuyHol ioeHmupikayii y eunaokax Ak JiHIUHOI, mak i HeNiHIilHOT
MamemMamuyHux mooeneil AHOManbHux ougysiinux npovecis. Ilpuuomy, neniniiina nocmanoska 3aoaui
napamempuyunoi ioenmugpikayii He npu3zeooums 00 YCKIAOHEHb 00UUCTI08ANbHOI peani3ayii, 0CKiIbKU
PO36°A30K I[PYHMYEMbCA AUMIE HA GIOHAXO00)ICEHHI NPOEKUIT 2pAdieHma (QYHKYii cmamny aHomanbHo20
oughysiiinozo npouecy. 3anponoHoaHi Memoou GUKAAOEHO i3 CMPOUM OOMPUMAHHAM NOJIO0MNCEHD
dyuxyionanvno2o ananizy, wio 3adezneyye ixnio KOPeKmMHicmos ma a0eKeamuicmov npu po3e’aA3yeanHi
WUPOKO20 KONA RPUKIAAOHUX 3A0aY.

Kniouoei cnosa: anomanvhuil Oudy3iitnuil npoyec, MamemamuiHa mooev, eapiauis, eapiauiiina
HepieHicmb, onmumizayisa, npuHyun yHiikayii ma munizayii, zpadienm, napamempuyHa
ioenmudbixayis.
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